Let X be a projective variety defined over an infinite field, equipped with a line bundle L, giving an embedding of X into P m and let φ : X → X be a morphism such that φ * L ∼ = L ⊗q , q ≥ 2. Then there exists an integer r > 0 extending φ r to P m .
Introduction
Let X be a projective variety defined over an infinite field k, L a very ample line bundle on X and φ : X → X a morphism satisfying φ * L ∼ = L ⊗q with q ≥ 2. In this paper we show that there exists a positive integer r such that φ r extends to an endomorphism of P(H 0 (X, L)). An immediate consequence of the result in [3] is that φ extends to P m k , if we replace L by a power of L. In our proof we fix L and replace φ, possibly by some power of φ. We give an example where r > 1 is required. This paper gives a refinement of a result of Fakhruddin which is often used in algebraic dynamics (e.g. [6] ). In our proof we do not use a result of Castelnuevo-Mumford on varieties defined by quadrics.
Main result
Theorem 1. Let X be a projective variety defined over an infinite field k, L a very ample line bundle on X and φ : X → X a morphism such that φ * L ∼ = L ⊗q for some integer q ≥ 2. Then there exists a positive integer r and a morphism ψ : P m k → P m k extending φ r , where m + 1 = dim k H 0 (X, L). Moreover, if the linear system H 0 (X, L) is complete then φ extends to P m k .
Proof : Let dim(X) = g and let s 0 , . . . , s m be a basis of H 0 (X, L). Let I be the sheaf of ideals on P m defining X. Then
is a short exact sequence of sheaves on P m . Tensoring (2) with O P m (n) and taking cohomology we get the long exact sequence By Serre's Vanishing theorem ( [4] , Thm. 5.2, pp. 228), there exists n 0 depending on I such that H 1 (P m , I(n)) = 0 for each n ≥ n 0 . Let {f i } be the set of homogeneous polynomials defining X. Choose an integer r such that q r
can be lifted to a homogeneous polynomial h i of degree q r in the s i 's defined up to an element of H 0 (P m , I(q r )). The polynomials h i , 0 ≤ i ≤ m define a rational map ψ : P m P m . We show using induction that if the h i 's are chosen appropriately, then ψ is a morphism.
Let W i be the hypersurface defined by h i . We can choose s 0 , . . . , s g with no common zeros on X, then each component of ∩ g i=0 W i has codimension g +1. Indeed, for any component Z of ∩ g i=0 W i , codim(Z) ≤ g +1 is clear. By ([4], Thm 7.2, pp. 48), it follows that codim(Z) ≥ g + 1. Suppose we have h 0 , . . . , h j , 0 ≤ j ≤ m such that each component of ∩ j i=0 W i has codimension j + 1 and we want to choose h j+1 . Let α 1 be the lifting of (φ r ) * (s j+1 ) to H 0 (P m , O P m (q r )). If V (α 1 ) does not contain any of the components of ∩ j i=0 W i , then set h j+1 = α 1 . Otherwise we invoke the Prime Avoidance Lemma which states: Lemma 3. Let A be a ring and let p 1 , . . . , p m , q be ideals of A. Suppose that all but possibly two of the p i 's are prime ideals. If q p i for each i, then q is not contained in the set theoretical union ∪p i .
Proof : [5] , pp. 2.
Taking A = k[s 0 , . . . , s n ], q = I(q r ) and p i 's the ideals corresponding to the distinct components of ∩ j i=0 W i we can choose α 2 ∈ H 0 (P m , I(q r )) such that V (α 2 ) does not contain any of the components of ∩ j i=0 W i . Consider the family of hypersurfaces V (aα 1 + bα 2 ) with [a : b] ∈ P 1 k . If a = 0, then the corresponding hypersurface does not contain any components of ∩ j i=0 W i . Otherwise, since k is infinite there exists c ∈ k such that V (α 1 + cα 2 ) does not contain any component of ∩ j i=0 W i . Let h j+1 = α 1 + cα 2 . This concludes the induction and the proof of the theorem.
We give an example of a self map of a rational quintic in P 3 that does not extend to P 3 . This illustrates that the condition r > 1 in Theorem 1 is at times necessary.
. Then a self map φ of C of degree 2 defined by two homogeneous polynomials P (u, v) and Q(u, v) does not extend to P 3 if P (u, v) = au 2 + buv + cv 2 with abc = 0.
Proof : Considering the restriction map from the space of homogeneous polynomials of degree 2 on P 3 (of dimension 10) to the space of homogeneous polynomials of degree 10 on P 1 (of dimension 11) one realizes that the monomials u 7 v 3 and u 3 v 7 are linearly independent and not in the image of this restriction map. (Note that it is easy to find two quadratic equations for C). One has the possible commutative diagram:
The composition (i • φ) is given by four homogeneous polynomials of degree 10, namely (P (u, v) 5 ,
). If φ extended to a self map ψ of P 3 , some degree two homogeneous polynomial F i in the x i 's will restrict to these on C, by substituting the expressions of the x i in (u, v). Since abc = 0 the coefficients of u 7 v 3 and u 3 v 7 in P (u, v) 5 are nonzero. So P (u, v) 5 is not in the image of H 0 (P 3 , O P 3 (2)) → H 0 (P 1 , O P 1 (10)).
Remarks
In the hypothesis of the theorem the condition k being infinite can be relaxed to k being a finite extension of the field of definition of X.
We say P ∈ X is preperiodic for φ if φ m (P ) = φ n (P ) for m > n ≥ 1. Denote the set of preperiodic points of the dynamical system (X, L, φ) by P rep(φ). It can be easily verified that P rep(φ) = P rep(φ r ). Thus from an algebraic dynamics perspective, we do not lose any information by replacing φ by φ r . The same holds true for points of canonical height [1] zero as well.
